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A non-trivial spatial topology of the Universe is a potentially observable attribute, which
can be probed through the circles-in-the-sky for all locally homogeneous and isotropic
universes with no assumptions on the cosmological parameters. We show how one can use
a possible circles-in-the-sky detection of the spatial topology of globally homogeneous
universes to set constraints on the dark energy equation of state parameters.
PACS numbers: 98.80.Es,98.80.-k, 98.80.Jk
1. Introduction
In the context of general relativity, the observable Universe seems to be well de-
scribed by a 4-manifoldM = R×M with locally homogeneous and isotropic spatial
sections M , and therefore endowed with a Robertson–Walker metric
ds2 = −dt2 + a2(t)
[
dχ2 + S2k(χ)(dθ
2 + sin2 θdφ2)
]
, (1)
where a(t) is the scale factor and Sk(χ) = χ , sinχ , sinhχ depending upon whether
the geometry of the spatial sections is Euclidean, spherical or hyperbolic with con-
stant spatial curvature k = 0, 1, or −1. The spatial geometry or the corresponding
spatial curvature is an observable property, which can be determined by finding out
whether the total energy-matter density of the Universe, Ωtot, is equal to, greater
than or small than 1. In consequence, a key point in the search for the spatial ge-
ometry of the Universe is to use observations to constrain the density Ωtot. Often
the homogeneous and isotropic spatial sections M are assumed to be the simply
connected 3-manifolds: Euclidean R3, spherical S3, or hyperbolic H3. However, the
3-space M can also be one of the possible quotient (multiply-connected) manifolds
R
3/Γ, S3/Γ, and H3/Γ, where Γ is a fixed-point free discrete group of isometries
of the corresponding covering space E3, S3, or H3. The local geometry of the spatial
sections M thus constrains, but does not dictate, its topology (see, e.g., the review
Refs. 1).
The immediate observational consequence of a detectable multiply-connected
spatial section M is that an observer could potentially detect multiple images of
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radiating sources. In this way, in a universe with a detectable2 non-trivial topology
the last scattering surface (LSS) intersects some of its topological images in the so
called circles-in-the-sky,3 i.e., pairs of matching circles of equal radii, centered at
different points of the LSS with the same distribution of temperature fluctuations
(up to a phase) along the circles of each pair. Therefore, to observationally probe a
non-trivial spatial topology on the largest available scales, one needs to scrutinize the
cosmic microwave background (CMB) sky-maps in order to extract such correlated
circles, and use their angular radii, the relative phase and position of their centers
to determine the spatial topology of the Universe. Hence, a detectable non-trivial
cosmic topology is an observable attribute, which can be probed through the circles-
in-the-sky for all locally homogeneous and isotropic universes with no assumptions
on the cosmological parameters.
The question as to whether one can use the knowledge of the topology to ei-
ther determine the geometry or set constraints on the density parameters naturally
arises here. Regarding the geometry it is well-known that the topology of M de-
termines the sign of its curvature (see, e.g., Ref. 4) and therefore the 3-geometry.
Thus, the topology of the spatial section of the Universe dictates its geometry. In
recent works,5–8 it has been shown that the knowledge of a specific spatial topol-
ogy through the circles-in-the-sky offers an effective way of setting constraints on
the density parameters associated with matter (Ωm) and dark energy (ΩΛ) in the
context of ΛCDM model. In other words, it has been shown in Refs. 5 and 6 that
a circles-in-the-sky detection of specific spatial topology can be used to reduce the
degeneracies in the density parameter plane Ωm − ΩΛ, which arise from statistical
analyses with data from current observations.
Our main aim here, which are complementary to our previous works,5,6 is to
show how one can use a possible circles-in-the-sky detection of the spatial topology
of globally homogeneous universes to set constraints on the dark energy equation of
state (EOS) parameters.
2. Topological Constraints and Concluding Remarks
To investigate how a possible detection of a nontrivial spatial topology can be
used to place constraints on the dark energy equation of state parameters, we shall
focus on the globally homogeneous spherical manifolds and indicate how a similar
procedure can be used in the case of globally homogeneous flat topologies.a
The topological constraints on dark energy EOS can be looked upon as having
two main ingredients, namely one of observational nature, and another of theoretical
character. Regarding the former, an important point about the globally homoge-
neous universes is that the pairs of topologically correlated circles on the LSS will
be antipodal, as shown in Figure 1. A straightforward use of trigonometric relations
aSince there are no Clifford translations in the hyperbolic geometry, there are no globally homo-
geneous hyperbolic manifolds.
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Fig. 1. A schematic illustration of two antipodal matching circles in the sphere of last scattering.
These pairs of circles occur in all globally homogeneous universes with a detectable nontrivial
topology.
for the right-angled spherical triangle shown in Fig. 1 yields
cosα =
tan rinj
tanχlss
or χlss = tan
−1
[
tan rinj
cosα
]
, (2)
where rinj is a topological invariant, whose values are given in Table 1, and the dis-
tance χlss is the comoving distance to the LSS in units of the present-day curvature
radius, a0 = a(t0) = (H0
√
|1− Ωtot| )
−1 for k 6= 0.
Table 1. Globally homogeneous spherical manifolds along with their names, the
covering groups and their order, and the injectivity radius rinj . For details on this
notation and a brief description of the classification we refer the readers to Ref. 6
and the appendix of Ref. 7.
Manifold Covering Group Γ Order of Γ Injectivity Radius: rinj
Zn := S3/Zn Cyclic Zn n pi/n
D∗m := S
3/D∗m Binary dihedral D
∗
m 4m pi/2m
T := S3/T ∗ Binary tetrahedral T ∗ 24 pi/6
O := S3/O∗ Binary octahedral O∗ 48 pi/8
D := S3/I∗ Binary icosahedral I∗ 120 pi/10
Now, a circles-in-the-sky detection of a given topology would give a value for
the radius α along with an observational uncertainty σα. These observational data
along with Eq. (2) and the usual error propagation formula, give the observational
distance χlss to the LSS and the associated uncertainty σlss .
The second important ingredient of the above mentioned topological constraints
is related to the theoretical dark energy model. Indeed, the comoving distance to
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the last scattering surface in units of the curvature radius is given by
χthlss =
dlss
a0
=
√
|Ωk|
∫ 1+zlss
1
H0
H(x)
dx , (3)
where dlss is the radius of the LSS, x = 1+z is an integration variable,H is the Hub-
ble parameter, Ωk = 1−Ωtot is the curvature density parameter, and zlss = 1089.
9
Clearly, different parametrizations of the equation of state ωx = px/ρx give rise
to different Friedmann equations, i.e., different ratios H(z)/H0 . Thus, for exam-
ple, assuming that the current matter content of the Universe is well approximated
by a dust of density ρm (baryonic plus dark matter) along with a dark energy
perfect fluid component of density ρx and pressure px, for the parametrizations
ωx = const. = ω0, ωx = ω0 + ω1z (Refs. 10 and 11), and ωx = ω0 + ω1 z/(1 + z)
(Refs. 12 and 13) the Friedmann equation takes, respectively, the following forms:
(
H
H0
)2
= Ωm0(1 + z)
3 +Ωk0(1 + z)
2 +Ωx0(1 + z)
3(1+ω0) , (4)
(
H
H0
)2
= Ωm0(1 + z)
3 +Ωk0(1 + z)
2 +Ωx0(1 + z)
3(ω0−ω1+1) exp(3ω1z) , (5)
(
H
H0
)2
= Ωm0(1 + z)
3 +Ωk0(1 + z)
2 +Ωx0(1 + z)
3(ω0+ω1+1) exp(−
3ω1z
1 + z
) . (6)
In order to show how one can use the topology to set constraints on the dark en-
ergy equation of state parameters we combine the two above-mentioned ingredients
by comparing the observational topological value χlss for a given topology with the
theoretical values χthlss for any dark energy equation of state parametrization [as-
suming a Gaussian distribution with mean given by Eq. (3)]. Thus, the constraints
from a detectable spatial topology are taken into account in a χ2 statistical analysis
of any parameter plane (as, for example, ω0 − Ωk , ω1 − Ωk ω0 − ω1) by adding a
new term of the form
χ2top =
(
χlss − χ
th
lss
σχlss
)2
(7)
to the remaining χ2 terms that account for other observational data sets. A concrete
application of this result can be found in Ref. 14, where by assuming the Poincare´
dodecahedral space (PDS) as the circles-in-the-sky observable spatial topology,
the current constraints on the equation of state parameters for the parametriza-
tions Eq.(4) and Eq.(6) have been reanalyzed by using Type Ia supernovae data from
the Legacy sample15 along with the baryon acoustic oscillations (BAO) peak in the
large-scale correlation function of the Sloan Digital Sky Survey (SDSS),16 and CMB
shift parameter,17 with and without the topological statistical term. It is shown that
the PDS topology provides relevant additional constraints on the dark energy EOS
parameters for the two-parameter Chevallier-Polarski-Linder parametrization12,13
[Eq.(6)], but negligible further constraints on ω0 of Eq.(4). The authors also show
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that a suitable Gaussian prior on the curvature density parameter Ωk can mimic
the role of the topology in such statistical analyses.
Regarding the flat manifolds, we first note that there are three classes of
multiply-connected manifolds of the form R3/Γ which are globally homogeneous,
namely the 3-torus class (compact in three directions), the class of chimney spaces
(compact in two directions) and the slap space class (compact in one direction).
Second, Eq. (2) clearly reduces to
χlss =
rinj
cosα
, (8)
but now since the curvature radius of Euclidean 3-space is infinite, one cannot
identify a0 = a(t = t0) with the curvature radius. Therefore, in this case there is no
natural unit of length, and one has to use, for example, megaparsecs (Mpc) as unit
of length. Hence, the comoving distance to the LSS (for c = 1) is given by
χthlss = dlss =
∫ 1+zlss
1
1
H(x)
dx . (9)
Finally, we note that Euclidean manifolds are not rigid : even though topolog-
ically equivalent the manifolds of a specific class (fixed group Γ) of quotient flat
manifolds may have different size.b In this way, the injectivity radius rinj for a class
of flat multiply-connected manifolds, is not a topological invariant (constant). Thus,
one should estimate rinj on physical grounds, as for example by fitting the CMB
data.18
To conclude, we emphasize that the above procedure may be employed for
any specific globally homogeneous detectable topology and dark energy EOS
parametrizations along with an arbitrary combination of data sets.
Acknowledgments
This work is supported by Conselho Nacional de Desenvolvimento Cient´ıfico e Tec-
nolo´gico (CNPq) - Brasil, under grant No. 472436/2007-4. M. J. Rebouc¸as thanks
CNPq for the grant under which this work was carried out. I am also grateful to A.
Bernui for indicating misprints and omissions.
References
1. G. F. R. Ellis, Gen. Relativ. Gravitation 2, 7 (1971); M. Lachie`ze-Rey and J. P.
Luminet, Phys. Rep. 254, 135 (1995); G. D. Starkman, Classical Quantum Gravity
15, 2529 (1998); J. Levin, Phys. Rep. 365, 251 (2002); M. J. Rebouc¸as and G. I.
Gomero, Braz. J. Phys. 34, 1358 (2004); M. J. Rebouc¸as, A Brief Introduction to
Cosmic Topology, in Proc. XIth Brazilian School of Cosmology and Gravitation, eds.
M. Novello and S. E. Perez Bergliaffa (Americal Institute of Physics, Melville, New
York, 2005) AIP Conference Proceedings vol. 782, p 188, arXiv:astro-ph/0504365.
bAlthough diffeomorphic they are not necessarily globally isometric. For example, a manifold in
the 3-torus class can be constructed by taking a parallelepiped (or particularly a cube) of any size
and identifying the opposite faces by translations.
November 21, 2018 3:44 WSPC/INSTRUCTION FILE Reboucas˙talk
6 Marcelo J. Rebouc¸as
2. G. I. Gomero, M. J. Rebouc¸as and R. Tavakol, Classical Quantum Gravity 18, 4461
(2001); G. I. Gomero, M. J. Rebouc¸as and R. Tavakol, Classical Quantum Gravity 18,
L145 (2001); G. I. Gomero, M. J. Rebouc¸as and R. Tavakol, Int. J. Mod. Phys. A 17,
4261 (2002); J. R. Weeks, Mod. Phys. Lett. A 18, 2099 (2003); G. I. Gomero and M. J.
Rebouc¸as, Phys. Lett. A 311, 319 (2003); B. Mota, M. J. Rebouc¸as and R. Tavakol,
Classical Quantum Gravity 20, 4837 (2003); B. Mota, G. I. Gomero, M. J. Rebouc¸as
and R. Tavakol, Classical Quantum Gravity 21, 3361 (2004); B. Mota, M. J. Rebouc¸as
and R. Tavakol, Int. J. Mod. Phys. A 20, 2415 (2005); B. Mota, M. J. Rebouc¸as and
R. Tavakol, Phys. Rev. D 78 083521 (2008).
3. N.J. Cornish, D. Spergel, and G. Starkman, Class. Quantum Grav. 15, 2657 (1998).
4. I.N. Bernshtein and V.F.Shvartsman, Sov. Phys. JETP 52, 814 (1980).
5. M. J. Rebouc¸as, J. S. Alcaniz, B. Mota and M. Makler, Astron. Astrophys. 452, 803
(2006); M. J. Rebouc¸as and J. S. Alcaniz,Mon. Not. R. Astron. Soc. 369, 1693 (2006);
M. J. Rebouc¸as, Supernovae Constraints on Cosmological Density Parameters and
Cosmic Topology, in Proceedinhgs of the Tenth Marcell Grossmann Meeting on General
Relativity, eds. H. Kleinert, R. T. Jantzen and R. Ruffini (World Sci. Publishing
Co.,Singapore 2008) Part B, p.1819, arXiv:astro-ph/0702642v1.
6. M. J. Rebouc¸as and J. S. Alcaniz, Braz. J. Phys. 35, 1062 (2005); M. J. Rebouc¸as,
Int. J. Mod. Phys. D 16, 207 (2007).
7. M.C. Bento, O. Bertolami, M. J. Rebouc¸as and P. T. Silva, Phys. Rev. D 73, 043504
(2006).
8. M. C. Bento, O. Bertolami, M. J. Rebouc¸as and N. M. C. Santos, Phys. Rev. D 73,
103521 (2006); M. J. Rebouc¸as, Supernovae Constraints on DGP Model and Cos-
mic Topology, in Proceedinhgs of the Tenth Marcell Grossmann Meeting on General
Relativity, eds. H. Kleinert, R. T. Jantzen and R. Ruffini (World Sci. Publishing
Co.,Singapore 2008), Part B, p.1824, arXiv:astro-ph/0702428
9. D.N. Spergel et al., Astrophys. J. Suppl. 148, 175 (2003).
10. D. Huterer and M. S. Turner, Phys. Rev. D 64, 123527 (2001).
11. J. Weller and A. Albrecht, Phys. Rev. D 65, 103512 (2002).
12. M. Chevallier and D. Polarski, Int. J. Mod. Phys. D 10, 213 (2001).
13. E. V. Linder, Phys. Rev. Lett. 90, 091301 (2003).
14. S. D. P. Vitenti, M. P. Lima and M. J. Rebouc¸as, in preparation (2009).
15. P. Astier et al., Astron. Astrophys. 447, 31 (2006).
16. D. J. Eisenstein et al., Astrophys.J. 633, 560 (2005).
17. J. R. Bond, G. Efstathiou and M. Tegmark, Mon. Not. R. Astron. Soc. 291, L33
(1997).
18. R. Aurich, H. S. Janzer, S. Lustig and F. Steiner, Classical Quantum Gravity, 25,
125006 (2008).
